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1   Introduction 
 

Since the latter half of 1990s, it has been discussed that many developing countries are 

going to face serious problems related to population aging while these economies are 

still in the process of development and their preparations for the coming aging issues 

are not sufficient both economically and institutionally. Data from United Nations 

(2011) empirically confirms the dynamic demographic transition of developing 

countries. For instance, Vietnam, China and Thailand have experienced a remarkable 

decline in fertility rate in the past, and by the beginning of 21st century, their fertility 

rates have come down to the average level of developed regions (Figure 1). These 

faster declines in fertility rate will have visible consequences in the future, appearing 

as faster catching-up trend in old dependency ratio (Figure 2). 

 

Figure 1. Fertility Rates for Selected Asian Countries (%) 
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Figure 2. Old Dependency Ratio for Selected Asian Countries (%) 

 

 

 On the other hand, a socio-economic problem in one country comes to have 

significant influences on many other economies and its effect might spillover around 

the world, as the global interdependence of national economies has been deepened. 

The ultimate goal of our research project is to explore an interregional cooperative 

framework, which may offset negative effects of population aging and make it possible 

to take advantage of the so-called "demographic dividends" that are derived from the 

demographic structure with a large size of working population relative to the number 

of dependent population. To reach this final goal, we start with analyzing the 

fundamental mechanism of repercussions arising from shifts of demographic structure 

through interregional transactions such as trade flows and capital movements. The 

purpose of this study is to identify potential economic problems to further seek a set of 

policy instruments to mitigate negative impacts and fully capture benefit from the 

demographic dividend in developing economies, utilizing a multi-region, multi-sector 

Old Dependency Ratio

0

5

10

15

20

25

30

1
9
5
0

1
9
5
5

1
9
6
0

1
9
6
5

1
9
7
0

1
9
7
5

1
9
8
0

1
9
8
5

1
9
9
0

1
9
9
5

2
0
0
0

2
0
0
5

2
0
1
0

2
0
1
5

2
0
2
0

2
0
2
5

2
0
3
0

2
0
3
5

2
0
4
0

2
0
4
5

2
0
5
0

Vietnum

China

Thai land

More  Developed

R i

Souce；UN Population Prospects, 2010.



4 
 

endogenous growth model with overlapping generations, developed in the framework 

of applied general equilibrium analysis (OLG/AGE). 

 Since we would like to consider every region in the model as a large region 

so that any change happened in a region would translate into an impact on time path of 

economic variables among all over the world, only a handful of previous studies that 

utilize multi-region OLG/AGE models are available. Boersch-Supan, Ludwig, and 

Winter (2006) developed a model with realistic long-run demographic details for seven 

regions that are modeled symmetrically as large open economies. Perfect capital 

mobility is assumed in the interregional capital market so as to equalize the rate of 

return on investment across regions. 

 Attanasio and Violante (2000) constructed a model with two regions, the 

North and Latin America, and investigated the effect of demographic change on 

macroeconomic variables as well as capital flows across regions. Brooks (2000) 

performed simulations with a model that includes eight regions to evaluate the impact 

of historical and projected demographic changes on capital flow among the regions. 

Feroli (2003) used a similar model with flexible number of regions of the G-7 member 

countries, and it has detailed demographic of five years as one period. Henriksen 

(2002) calibrated a model of U.S. and Japan to their historical and projected 

demographic data of five-year periods to explain the current account balance. 

 The models shown above have treated regions as large open economies, and 

their calibrated models casted light on capital movements among regions by simulating 

with historical and projected data. Methodology and technique used in their studies 

provide useful information for OLG/AGE model building and implementing 

simulations. However, their models do not have a pension system such as 

pay-as-you-go (PAYG) type or fully-funded (FF) type, as pointed out by 

Boersch-Supan, Ludwig, and Winter (2006). Our attention is now shifting toward 

OLG/AGE model with a pension system, because a pension reform or an introduction 

of pension system in a developing country is important for us as a policy instrument. 

 Domeij and Floden (2006) investigated current account balance by 

calibrating a model of eighteen OECD countries with PAYG pension system. 

INGENUE (INGENUE 2001) is a global model developed by CEPII, Paris, to 

investigate a relationship between a pension reforms and capital flows. Continuously 

the INGENUE model has been modified for further improvement and the model is 

calibrated to the baseline scenario and to perform policy scenarios of pension reforms 

(Aglietta et al. 2005). Fehr, Jokisch, and Kotlikoff (2003) developed a model that 
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includes three regions. Their model has a feature of “immigration, age-specific fertility, 

life span extension, life span uncertainty, bequests arising from incomplete 

annuitization, and intra-cohort heterogeneity.” 

 Boersch-Supan, Ludwig, and Winter (2006) improve over these by 

introducing more detailed demographic projections, and they made distinction between 

population aging and population shrinkage. Life time is subject to uncertainty, and 

labor productivity is age-specific. Also, the model incorporates endogenous labor 

supply as well as convex adjustment costs of investments. Sensitivity analysis 

implemented over the simulation results revealed that the specification of labor supply 

affected considerably the results while the adjustment cost did not. Finally, Merette and 

Georges (2010) introduced explicitly interregional trade by employing the Armington 

structure. Since our main focus is on the patterns of interregional trade, our model 

allows flexibility in the choice of trade specifications incorporating the models by 

Krugman (1980) and Melitz (2003), as well as Armington (1969). 

 This paper is organized as follows. The following section outlines the basic 

structure and the major assumptions of the three-region, two-sector OLG/AGE model 

developed for this research project. In Section 3, we perform a basic simulation using 

the model to identify potential economic problems and interpret the results. Section 4 

concludes the paper. 

 

 

2   The Model 
 

In this section, we outline the basic structure and the major assumptions of the 

three-region, two-sector OLG/AGE model developed for this study. 

 

2.1   Environment 

 

Let us consider three open economies linked together that respectively produce two 

types of commodity indexed ݅ ൌ 1, 2. Sector ݅ ൌ 1 is the manufacturing sector that 

exhibits increasing returns to scale (IRTS), while Sector ݅ ൌ 2  is the 

non-manufacturing sector that has constant returns. Sector ݅ ൌ 2 supplies a portion of 

its output as interregional shipping service. Regions are indexed ݆ ൌ 1, 2, 3. 

 Each time period ݐ ൌ 0, 1, … , ܶ includes 20 years. The terminal period ܶ is 

set to 49. In a region, an individual may live five periods so that five generations (age 
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groups) indexed ݏ ൌ 0,1, … , ܵ exist in the same time period. Hence, the terminal age 

period ܵ is set to 4. For each age group, survival rate ߗ௝௦௧ is considered to define life 

expectancy. Changes in ߗ௝௦௧ incur demographic changes through two channels. One is 

the channel that directly affects demographic structure changing population of an age 

group. Another one indirectly affects through the personal life plan of an individual. 

When the life expectancy becomes longer, one may increase savings to prepare for 

his/her old age. Then, he/she is going to increase working time while suppressing the 

time for child care. This kind of behavioral change affects the number of children an 

individual may have. 

 The first age period ݏ ൌ 0 corresponds to childhood when an individual 

chooses time allocation between schooling and leisure. While leisure time contributes 

to obtain higher welfare levels within the age, short schooling time brings lower 

productivity in the next age period that affects wage income. In the second age period 

ݏ ൌ 1 , an individual chooses time allocation between working, child care, and 

schooling to accumulate personal human capital. The sources of welfare in this age 

period are consumption and having children that determines the time spent for child 

care. While most of the decision-makings are similar to the second age period, people 

in the third age period ݏ ൌ 2, stops schooling. 

 In the second and third age periods, each individual contributes a fraction of 

income to PAYG type pension system, in addition to the FF type pension reserve. 

Another important task in the third age period is to make the bequest account for 

descendants. From the end of the age period ݏ ൌ 2, bequest is deposited to the account 

until the holder dies. By the death of an individual, bequest is transferred to the next 

generations. On the other hand, regular assets and FF pension reserves will be shared 

by the people in the same age group when an individual dies. 

 By the end of the third age period ݏ ൌ 2, people retire from working. Then, 

in the fourth age period ݏ ൌ 3, an individual receives the FF pension reserves all at 

once. One also receives PAYG type pension in his/her fourth and terminal age periods 

ݏ ൌ 3, ܵ, based on his/her contribution record in the working age. 

 In the working and retired age periods, people determine the level of 

consumption and savings. Consumption is the main source of welfare after people start 

working. A child in the first age period ݏ ൌ 0 does not consume since feeding and 

providing things to one’s children is also a task of parents. An individual in the third 

age periods also obtain welfare from leaving bequest. 

 In every region, the services of effective labor and private capital stock are 
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employed in the production of two types of commodity. The private capital is 

accumulated by putty-clay type technology, while the effective labor is mobile across 

sectors. The productivity is enhanced by two types of public capital, economic and 

social infrastructure. Economic infrastructure that can be regarded as roads, bridges, 

ports, and so on, directly promotes Hicks neutral type technical change. On the other 

hand, social infrastructure that can be regarded as schools, hospitals, training facilities, 

and so on, promotes the accumulation efficiency of personal human capital that affects 

supply of effective labor. In consequence, per capita growth rate in every region is 

determined endogenously. 

 The two kinds of commodity produced in every region are sold in both intra- 

and interregional markets. Commodities are not treated as homogeneous across regions 

but as imperfect substitute for that of another to handle cross-hauling, which is often 

observed in real data, between economies that have similar technologies and factor 

endowments. To incorporate intra-industry trade, the so-called “Armington assumption” 

has been widely adopted by conventional AGE models of global trade. Since many 

theoretical illustrations of product differentiation have been proposed in the steady 

advance of new trade theory, we enable the model to flexibly choose three kinds of 

trade specifications presented by Armington (1969), Krugman (1980), and Melitz 

(2003), in Sector ݅ ൌ 1. The latter two assume existence of monopolistic competition 

among firms to describe cost reductions brought by economies of scale and increased 

variety obtained through additional imports. Further, Melitz type specification 

additionally incorporates endogenous productivity changes among heterogeneous 

firms. 

 The government in every region accumulates aforementioned two kinds of 

public capital by public investment, provides foreign aid and compensation for PAYG 

fund, and consumes based on the revenue from taxes, receipt of foreign aid, and 

negative government savings. The negative government saving is financed by issues of 

government securities, which accumulate to sovereign debt. 

 Finally, regular assets, FF pension reserves, and funds deposited to bequest 

accounts held by individuals are all collected by regional investment trust banks, and 

invested to every local asset markets beyond regional boundary. Departing from the 

conventional growth models, which often assume perfect interregional capital market, 

corporate capital and government securities issued in every region are assumed to be 

imperfect substitutes, similar to the traded commodities. Therefore, those financial 

instruments have their own rates of return that are evaluated with risk premiums by 
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asset holders. 

 The reasons why we presume imperfectly substituting financial instruments 

are: (a) to handle home bias that is often observed in real data; (b) developing 

economies do not have such perfectly efficient capital market; and (c) it becomes 

difficult to capture the problem we are interested in if the perfectly mobile capital is 

assumed. Since we are going to focus on shortages of capital compared to labor in 

young region and glut of savings in aged region, modeling frictions in interregional 

capital movement is absolutely essential. The problem we are questioning is 

automatically solved in a model with perfect capital mobility. 

 

2.2   Formulation of the Three-Region, Two-Sector OLG/AGE Model 

 

2.2.1   Households and Pension System 

 

Given the rate of return on composite asset ݎ௝௧, rental price of effective labor ݓ௝௧
௅ , and 

composite price of consumption good ݌௝௧
஼ , an individual in each region chooses time 

paths of consumption ܿ̂௝௦௧
௉  and savings ௝ܽ௦௧, levels of bequest ௝ܾ௧ and schooling time 

௝݂௦௧
ு  in childhood ݏ ൌ 0 and the first working age ݏ ൌ 1, and number of children ݖ௦௧ 

to have that maximizes his/her felicity ݑ௝௧ defined as the weighted sum of temporal 

utility. The temporal utility is discounted by the individual’s positive and constant rate 

of time preference ߩ௝, which is identical to all individuals in a region. 

The felicity function for an individual who is born in time period ݐ  is 

assumed to be homogenous and additively separable with constant elasticity of 

marginal utility: 

 

௝௧ݑ  ൌ ௝ߚ
ு ln൫1 െ ௝݂଴௧

ு ൯ ൅ ∑ ൬
ଵ

ଵାఘೕ
൰
௦

ln ܿ̂௝௦௧ା௦
௉ௌ

௦ୀଵ ൅ ௝ߚ
௓ ൬

ଵ

ଵାఘೕ
൰ ௝௧ାଵݖ ൅ ௝ߚ

஻ ൬
ଵ

ଵାఘೕ
൰
ଶ

௝ܾ௧ାଶ, 

        (1) 

 

where ߚ௝
ு, ߚ௝

௓, and ߚ௝
஻are weights for utility. Since children are assumed to be made 

in the first working age period ݏ ൌ 1, i.e., age 20 to 39, and bequest is prepared in the 

end of the second working age period ݏ ൌ 2, the first term in the right-hand-side 

corresponds to ݏ ൌ 0, the second to 1 ൑ ݏ ൑ ܵ, the third to ݏ ൌ 1, and the fourth to 

ݏ ൌ 2, respectively. 

 Let us see the each individual’s flow budget constraint. In an OLG model, it 
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is necessary to consider two types of terminal period. One is the terminal age period 

ݏ ൌ ܵ, and another is the terminal time period ݐ ൌ ܶ of analysis. Therefore, we need 

to set up three types of budget constraint: (a) the constraint for an individual who does 

not live beyond the terminal time period ݐ ൌ ܶ; (b) the constraint for an individual 

who live beyond the terminal time period ݐ ൌ ܶ , and (c) the constraint for an 

individual’s terminal age period ݏ ൌ ܵ. These three are as follows: 

 

 ௝ܽ௦௧ ൌ തܽ௝௦଴ ( തܽ௝௦଴: given)    (ݐ ൌ 0) 

 ൅0      (ݏ ൌ 0) 

 ൅൫1 െ ௝߬
஻൯ ௝߭

ேೕೞశభ೟షభ
ேೕೞ೟

൬1 െ
ఆೕೞశమ೟
ఆೕೞశభ೟షభ

൰ ௝ܾ௧ିଵ  (ݏ ൌ 1) 

 ൅

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
൫1ۇ െ ௝߬

஻൯ ൦
௝߭
ேೕೞశభ೟షభ
ேೕೞ೟

൬1 െ
ఆೕೞశమ೟
ఆೕೞశభ೟షభ

൰ ൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ ௝ܾ௧ିଶ

൅൫1 െ ௝߭൯
ேೕೞ೟షభ
ேೕೞ೟

൬1 െ
ఆೕೞశభ೟
ఆೕೞ೟షభ

൰ ௝ܾ௧ିଵ

൪

൅
ఆೕೞషభ೟షభ
ఆೕೞ೟

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝௧ିଵൟ ௝ܽ௦ିଵ௧ିଵ

൅൫1 െ ௝߬
௅൯൫1 െ ߶௝

ி െ ߶௝
௉൯ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ

ൈ ൛1 െ ߯௝൫1 െ ௝߭൯ݖ௝௧ିଵ െ ௝݂௦ିଵ௧ିଵ
ு ൟ

൅ ௝߬
௓ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ߯௝൫1 െ ௝߭൯ݖ௝௧ିଵ

െ݌௝௧ିଵ
஼ ܿ̂௝௦ିଵ௧ିଵ

௉ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 

ݏ)        ൌ 2) 

 ൅

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
൫1ۇ െ ௝߬

஻൯ ൦
௝߭
ேೕೞశభ೟షభ
ேೕೞ೟

൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝௧ିଶൟ ௝ܾ௧ିଷ

൅൫1 െ ௝߭൯
ேೕೞ೟షభ
ேೕೞ೟

൬1 െ
ఆೕೞశభ೟
ఆೕೞ೟షభ

൰ ൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ ௝ܾ௧ିଶ

൪

൅
ఆೕೞషభ೟షభ
ఆೕೞ೟

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝௧ିଵൟ ௝ܽ௦ିଵ௧ିଵ

൅൫1 െ ௝߬
௅൯൫1 െ ߶௝

ி െ ߶௝
௉൯ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ൫1 െ ߯௝ ௝߭ݖ௝௧ିଶ൯

൅ ௝߬
௓ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ߯௝ ௝߭ݖ௝௧ିଶ

െ݌௝௧ିଵ
஼ ܿ̂௝௦ିଵ௧ିଵ

௉

െ ௝ܾ௧ିଵ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 

ݏ)        ൌ 3) 

 ൅

ۉ

ۈۈ
ۇ
൫1 െ ௝߬

஻൯൫1 െ ௝߭൯
ேೕೞ೟షభ
ேೕೞ೟

൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝௧ିଶൟ ௝ܾ௧ିଷ

൅
ఆೕೞషభ೟షభ
ఆೕೞ೟

൦

൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ൛ ௝ܽ௦ିଵ௧ିଵ ൅ ൫1 െ ௝߬

ூ൯ ௝ܽ௦ିଵ௧ିଵ
ி ൟ

൅൫1 െ ௝߬
ூ൯߉௝௧ିଵܽ௝௦ିଵ௧ିଵ

௉

െ݌௝௧ିଵ
஼ ܿ̂௝௦ିଵ௧ିଵ

௉

൪

ی

ۋۋ
ۊ

 

ݏ)        ൌ ܵ); (2) 
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 ൫1 ൅ ௝൯ߛ ௝ܽ௦்  

 ൌ ݐ)      0 ൌ ݏ ,ܶ ൌ 0) 

 ൅൫1 െ ௝߬
஻൯ ൬

ଵ

ଵାఊೕ
ಿ൰ ௝߭

ேೕೞశభ೅
ேೕೞ೅

൬1 െ
ఆೕೞశమ೅
ఆೕೞశభ೅

൰ ௝்ܾ  (ݐ ൌ ݏ ,ܶ ൌ 1) 

 ൅

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
൫1ۇ െ ௝߬

஻൯ ൬
ଵ

ଵାఊೕ
ಿ൰

ۏ
ێ
ێ
ቊۍ
ଵାቀଵିఛೕ

ಲቁ௥ೕ೅

ଵାఊೕ
ቋ ௝߭

ேೕೞశభ೅
ேೕ೅

൬1 െ
ఆೕೞశమ೅
ఆೕೞశభ೅

൰

൅൫1 െ ௝߭൯ ൬1 െ
ఆೕೞశభ೅
ఆೕೞ೅

൰ ے
ۑ
ۑ
ې

௝்ܾ

൅
ఆೕೞషభ೅
ఆೕೞ೅

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝்ൟ ௝ܽ௦ିଵ்

൅൫1 െ ௝߬
௅൯൫1 െ ߶௝

ி െ ߶௝
௉൯ݓ௝்

௅
௝݄௦ିଵ்

ൈ ൛1 െ ߯௝൫1 െ ௝߭൯ݖ௝் െ ௝݂௦ିଵ்
ு ൟ

൅ ௝߬
௓ݓ௝்

௅
௝݄௦ିଵ்߯௝൫1 െ ௝߭൯ݖ௝்
െ݌௝்

஼ ܿ̂௝௦ିଵ்
௉ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ې

ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 

ݐ)        ൌ ݏ ,ܶ ൌ 2) 

 ൅

ۉ

ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
ۈ
൫1ۇ െ ௝߬

஻൯ ቊ
ଵାቀଵିఛೕ

ಲቁ௥ೕ೅

ଵାఊೕ
ቋ ൬

ଵ

ଵାఊೕ
ಿ൰

ۏ
ێ
ێ
ۍ ቊ

ଵାቀଵିఛೕ
ಲቁ௥ೕ೅

ଵାఊೕ
ቋ ௝߭

ேೕೞశభ೅
ேೕೞ೅

൅൫1 െ ௝߭൯ ൬1 െ
ఆೕೞశభ೅
ఆೕೞ೅

൰ے
ۑ
ۑ
ې

௝்ܾ

൅
ఆೕೞషభ೅
ఆೕೞ೅

ۏ
ێ
ێ
ێ
ێ
ێ
ۍ ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝்ൟ ௝ܽ௦ିଵ்

൅൫1 െ ௝߬
௅൯൫1 െ ߶௝

ி െ ߶௝
௉൯ݓ௝்

௅
௝݄௦ିଵ்൫1 െ ߯௝ ௝߭ݖ௝்൯

൅ ௝߬
௓ݓ௝்

௅
௝݄௦ିଵ்߯௝ ௝߭ݖ௝்

െ݌௝்
஼ ܿ̂௝௦ିଵ்

௉

െ ௝்ܾ ے
ۑ
ۑ
ۑ
ۑ
ۑ
ې

ی

ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۋ
ۊ

 

ݐ)        ൌ ݏ ,ܶ ൌ 3) 

 ൅

ۉ

ۈ
ۈ
ۈ
ۇ

൫1 െ ௝߬
஻൯ ቊ

ଵାቀଵିఛೕ
ಲቁ௥ೕ೅

ଵାఊೕ
ቋ
ଶ

൬
ଵ

ଵାఊೕ
ಿ൰ ൫1 െ ௝߭൯ ௝்ܾ

൅
ఆೕೞషభ೅
ఆೕೞ೅

൦

൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝்ൟ൛ ௝ܽ௦ିଵ் ൅ ൫1 െ ௝߬

ூ൯ ௝ܽ௦ିଵ்
ி ൟ

൅൫1 െ ௝߬
ூ൯߉௝்ܽ௝௦ିଵ்

௉

െ݌௝்
஼ ܿ̂௝௦ିଵ்

௉

൪

ی

ۋ
ۋ
ۋ
ۊ

 

ݐ)        ൌ ݏ ,ܶ ൌ ܵ); 

        (3) 

 

and 
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௝௧݌ 
஼ ܿ̂௝ௌ௧

௉ ൌ ൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ൟ ௝ܽௌ௧ ൅ ൫1 െ ௝߬

ூ൯߉௝௧ܽ௝ௌ௧
௉ ݏ)   ൌ ܵ), (4) 

 

where ௝ܽ௦௧ is composite asset held by an individual, 

 തܽ௝௦଴ is composite asset held by an individual at the initial time period, 

 ௝ܽ௦௧
ி  is FF pension reserve by an individual, 

 ௝ܽ௦௧
௉  is contribution record of PAYG pension by an individual, 

 ௝݄௦௧ is personal stock of human capital, 

௝ߛ 
ே is post-terminal population growth rate, 

 ௝ܰ௦௧ is population by age group, 

 ,௝௦௧ is survival rateߗ 

 ߯௝ is time for child care, 

 ௝߭ is proportion of higher age marriage, 

 ߶௝
ி is contribution rate for FF pension, 

 ߶௝
௉ is contribution rate for PAYG pension, 

 ௝߬
஻ is inheritance tax rate, 

 ௝߬
௅ is labor income tax rate, 

 ௝߬
ூ is pension income tax rate, 

 ௝߬
௓ is child care tax credit (subsidy), and 

 .௝௧ is the level of PAYG pension benefits߉ 

 

 In addition, personal stock of human capital accumulation follows the rule 

below: 

 

 ௝݄௦௧ ൌ 0      (ݏ ൌ 0,3, ܵ) 

 ൅߂௝
ு൫ ௝݂௦ିଵ௧ିଵ

ு ൯
ఠಹ

൬
௄ೕ೟షభ
ೄ

∑ ேೕೞᇲ೟షభೞᇲ
൰ ൅ ൫1 െ ௝ߜ

ு൯ ௝݄௦ିଵ௧ିଵ (ݏ ൌ 1,2), 

        (5) 

 

where ܭ௝௧
ௌ is stock of social infrastructure, 

௝ߜ 
ு is depreciation rate of personal human capital, 

 ߱ு is shape parameter on schooling, and 

௝߂ 
ு is unit coefficient. 

 

Notice that the stock of social infrastructure ܭ௝௧
ௌ is divided by the total population 

∑ ௝ܰ௦ᇲ௧௦ᇱ . This implies that we assume that the schools, hospitals, training facilities, 
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and so on, will be congested and their availability declines as population grows. 

 Note that the levels of asset holdings ௝ܽ௦௧, FF pension reserve ௝ܽ௦௧
ி , and 

contribution record of PAYG ௝ܽ௦௧
௉  are measured at the beginning of a time period, 

while the payments for labor service supplied and composite commodity consumed in 

a time period are made at the end of the period. Bequest ௝ܾ௧ is transferred to the next 

generations at the beginning of a time period by the death of an individual, while 

pensions are provided at the end of the period to support payments. 

 At the beginning of age period ݏ ൌ 1, an individual receives bequest from 

his/her dying young parent. Precisely, the transfer is made to an individual’s asset 

account of the local investment trust bank from the parent’s bequest account. 

Manipulating the fund as assets, an individual makes children, goes to school, supplies 

effective labor, and consumes. The value of asset holdings plus the balance between 

income and payment, measured at the end of the period ݏ ൌ 1, becomes the asset 

holdings of the next age period. Then, at the beginning of age period ݏ ൌ 2, an 

individual receives bequest again from his/her parent. 

 In the age period ݏ ൌ 2 , an individual creates bequest account for 

descendants instead of making children. At the end of the period, he/she retires from 

working. At the beginning of retired age period ݏ ൌ 3, an individual receives bequest 

again from his/her parent. In the period, an individual receives both FF and PAYG 

pensions instead of working. As mentioned in the previous section, FF pension is 

disbursed all at once, while PAYG pension can be received as long as one is alive. At 

the end of terminal age period ݏ ൌ ܵ, an individual terminate his/her asset account, 

clears the balance of payment and income, and dies. The reason why the survival rates 

appear in some part of the budget constraints is because the assets held by dying young 

are shared by other individuals in the same age group. 

 As mentioned, an individual in each region chooses time path of 

consumption ܿ̂௝௦௧
௉  and savings ௝ܽ௦௧, levels of bequest ௝ܾ௧ and schooling time ௝݂௦௧

ு  in 

childhood ݏ ൌ 0 and the first working age ݏ ൌ 1, and number of children ݖ௦௧ to 

have to maximize the objective function shown as Equation (1) subject to Equations 

(2), (3) and (4). The accumulation of personal human capital expressed as Equation (5), 

transition of population: 

 

 ௝ܰ௦௧ା௦ ൌ ௝௦௧ା௦൛ߗ ௝ܰଵ௧ିଵ ௝߭ݖଵ௧ିଵ ൅ ௝ܰଵ௧൫1 െ ௝߭൯ݖଵ௧ൟ,   (6) 

 

as well as FF pension reserve: 
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 ௝ܽ௦௧
ி ൌ തܽ௝௦଴

ி  ( തܽ௝௦଴
ி : given)    (ݐ ൌ 0) 

 ൅0      (ݏ ൌ 0,1, ܵ) 

 ൅
ఆೕೞషభ೟షభ
ఆೕೞ೟

߶௝
ிݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ൛1 െ ߯௝൫1 െ ௝߭൯ݖ௝௧ିଵ െ ௝݂௦ିଵ௧ିଵ

ு ൟ 

ݏ)        ൌ 2) 

 ൅
ఆೕೞషభ೟షభ
ఆೕೞ೟

ቈ
൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝௧ିଵൟ ௝ܽ௦ିଵ௧ିଵ
ி

൅߶௝
ிݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ൫1 െ ߯௝ ௝߭ݖ௝௧ିଶ൯

቉   (ݏ ൌ 3), (7) 

 

contribution record of PAYG pension: 

 

 ௝ܽ௦௧
௉ ൌ തܽ௝௦଴

௉  ( തܽ௝௦଴
௉ : given)    (ݐ ൌ 0) 

 ൅0      (ݏ ൌ 0,1) 

 ൅߶௝
௉ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ൛1 െ ߯௝൫1 െ ௝߭൯ݖ௝௧ିଵ െ ௝݂௦ିଵ௧ିଵ

ு ൟ (ݏ ൌ 2) 

 ൅ൣ൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ ௝ܽ௦ିଵ௧ିଵ

௉ ൅ ߶௝
௉ݓ௝௧ିଵ

௅
௝݄௦ିଵ௧ିଵ൫1 െ ߯௝ ௝߭ݖ௝௧ିଶ൯൧ 

ݏ)        ൌ 3) 

 ൅൛1 ൅ ൫1 െ ௝߬
஺൯ݎ௝௧ିଵൟ ௝ܽ௦ିଵ௧ିଵ

௉ ݏ)    ൌ ܵ), (8) 

 

and the level of PAYG pension benefits: 

 

௝௧߉  ≡
∑ ேೕೞ೟థೕ

ು௪ೕ೟షభ
ಽ ௛ೕೞషభ೟షభቂଵିቄఞೕ൫ଵିజೕ൯௭ೕ೟ା௙ೕೞ೟

ಹ ቅିఞೕజೕ௭ೕ೟షభቃା௻ೕ
ು௵ೕ೟

మ
ೞసభ

∑ ேೕೞ೟௔ೕೞ೟
ುೄ

ೞసయ
, 

 

where  

௝ߌ 
௉ is share of compensation for PAYG fund in fiscal budget, and 

 ,௝௧ is fiscal budget߆ 

 

are all determined outside the individual’s felicity maximization. 

 

2.2.2   Enterprises 

 

There is one enterprise in each sector for every region, which produces one kind of 

commodity. An enterprise is organized by three kinds of firms respectively engage in 

investment, production, and sales businesses. The investment segment makes dynamic 

investment plan to maximize the value of the enterprise, while the production segment 
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determines the volumes of production, i.e., output and factor inputs to maximize 

temporal profit. These two segments cooperate together in solving their optimization 

problems. The production segment wholesales its product to the sales segment that 

consists of a number of dealers/merchants who may put forth their market power by 

marking up the sales price of the commodity in the monopolistically competitive 

environment when it is Sector ݅ ൌ 1. If it is perfectly competitive Sector ݅ ൌ 2, the 

sales business is carried out by a representative agent.  

 Given the rate of return on corporate capital ݎ௜௝௧
௄ , rental price of effective 

labor ݓ௝௧
௅ , wholesale price of the product ݌௜௝௧

ௐ , composite price of intermediate input 

௜௝௧݌
ை , and composite price of capital good ݌௝௧

௉ , the investment and production segments 

chooses time paths of investment ܨ෠௜௝௧
௉ , gross output ܳ௜௝௧, intermediate input ෠ܱ௜௝௧, and 

input of effective labor ܮ௜௝௧ that maximizes the value of the enterprise ܸܧ௜௝. It is: 

 

௜௝ܧܸ  ൌ ∑

ۉ

ۈ
ۇ
ቆ∏ ଵ

ଵା௥೔ೕ೟ᇲ
಼

௧
௧ᇲୀ଴ ቇ ൦

൫1 െ ߬௜௝
௏൯ ቊቆ ଵ

ଵାఛ೔ೕ
ೂቇ ௜௝௧݌

ௐ ܳ௜௝௧ െ ௜௝௧݌
ை ෠ܱ௜௝௧ െ ௝௧ݓ

௅ܮ௜௝௧ቋ

െ൫1 െ ߬௜௝
ி ൯݌௝௧

௉ ෠௜௝௧ܨ
௉

൪

ی

ۋ
்ۊ

௧ୀ଴   

 ൅൬∏
ଵ

ଵା௥೔ೕ೟ᇲ
಼

்
௧ᇲୀ଴ ൰ ൫1 ൅ ௜௝݌ො௝൯ߛ

௄்ܭ௜௝்
௉ ,    (9) 

 

where ܭ௜௝௧
௉  is stock of corporate capital, 

 ߬௜௝
௏  is corporate tax rate, 

 ߬௜௝
ொ  is sales tax rate on wholesale, 

 ߬௜௝
ி  is investment tax credit (subsidy), 

௜௝݌ 
௄் is post-terminal price of corporate capital, and 

ො௝ߛ ො௝ is post-terminal overall growth rate such thatߛ  ൌ ൫1 ൅ ௝ߛ
ே൯൫1 ൅ ௝൯ߛ െ 1. 

 

The second term of the right-hand-side corresponds to the post-terminal value of the 

enterprise. 

 In the accumulation of corporate capital, putty-clay type capital installation 

is assumed. We also presume the existence of Uzawa-Penrose type adjustment cost. 

Then, the transition of the private capital stock can be expressed as follows: 

 

௜௝௧ܭ 
௉ ൌ ܭഥ௜௝଴

௉ ഥ௜௝଴ܭ) 
௉ : given)    (ݐ ൌ 0) 
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 ൅ ଵ

ఎ೔ೕ
ು ൥൜൫ߤ௜௝

௉ ൯
ଶ
൅ ௜௝ߟ2

௉ ൬
ி෠೔ೕ೟షభ
ು

௄೔ೕ೟షభ
ು ൰ൠ

భ
మ
൅ ௜௝ߟ

௉ ൫1 െ ௜௝ߜ
௉൯ െ ௜௝ߤ

௉ ൩ܭ௜௝௧ିଵ
௉ ݐ)  ് 0), (10) 

 

and 

 

ො௝ߛ  ൅ ௜௝ߜ
௉ ൌ ଵ

ఎ೔ೕ
ು ൥൜൫ߤ௜௝

௉ ൯
ଶ
൅ ௜௝ߟ2

௉ ൬
ி෠೔ೕ೟షభ
ು

௄೔ೕ೟షభ
ು ൰ൠ

భ
మ
െ ௜௝ߤ

௉ ൩   (ݐ ൌ ܶ), (11) 

 

where ߜ௜௝
௉  is physical depreciation rate of corporate capital, 

௜௝ߤ 
௉  is intercept parameter in Uzawa-Penrose function, and 

௜௝ߟ 
௉  is slope parameter in Uzawa-Penrose function. 

 

 Existence of the adjustment cost implies that rapid capital accumulation 

needs more capital installation cost, and as a result, desired levels of capital stock are 

attained gradually with instantaneous changes in the rate of return. Furthermore, 

incorporating adjustment cost in capital installation brings a positive meaning to an 

enterprise's optimal choice of investment. In cases where there is no adjustment cost, 

the model essentially solves an optimal accumulation path of capital stock so that the 

levels of investment in every period are derived in a passive manner. Its process is just 

equivalent to solving a static cost minimization problem by the production segment 

independently from the dynamic one. In contrast, the optimal levels of investment are 

determined first with the presence of adjustment cost, then capital is accumulated as a 

result. In consequence, an enterprise's expectation on the future economic condition 

affects its investment plan through the price of capital when adjustment cost exists, 

while a shock in any future period does not have any direct influence without the cost. 

 The production activity has a nested structure with constant returns to scale 

(CRTS) technologies such that: 

 

 ௜ܻ௝௧ ൌ ௜௝߂
௒ ൬

௄ೕ೟
ಶ

∑ ௒೔ᇲೕ೟೔ᇲ
൰
ఠ೔
ೊ

൜ߙ௜௝
௒ ൫ܭ௜௝௧

௉ ൯
൫ఙ೔

ೊିଵ൯/ఙ೔
ೊ

൅ ൫1 െ ௜௝ߙ
௒ ൯ܮ௜௝௧

൫ఙ೔
ೊିଵ൯/ఙ೔

ೊ

ൠ
ఙ೔
ೊ/൫ఙ೔

ೊିଵ൯

  (12), 

 

and 
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 ܳ௜௝௧ ൌ ௜௝߂
ொ ቊߙ௜௝

ொ
௜ܻ௝௧

ቀఙ೔
ೂିଵቁ/ఙ೔

ೂ

൅ ൫1 െ ௜௝ߙ
ொ൯ ෠ܱ௜௝௧

ቀఙ೔
ೂିଵቁ/ఙ೔

ೂ

ቋ
ఙ೔
ೂ/ቀఙ೔

ೂିଵቁ

   (13), 

 

where ௜ܻ௝௧ is value added, 

௝௧ܭ 
ா is stock of economic infrastructure, 

 ߱௜
௒ is shape parameter 

௜ߪ 
௒ and ߪ௜

ொ are elasticity of substitution, 

௜௝ߙ 
௒  and ߙ௜௝

ொ  are share parameters, and 

௜௝߂ 
௒  and ߂௜௝

ொ  are unit coefficients. 

 

As in the case of social infrastructure in Equation (5), economic infrastructure ܭ௝௧
ா is 

divided by the economy-wide amount of value-added ∑ ܻ௜ᇲ௝௧௜ᇲ . We presume that the 

roads, bridges, ports, and so on, will be congested as economic activities increase. 

Productivity is enhanced through two channels. Relative increase of economic 

infrastructure over total value-added in the economy directly brings Hicks neutral type 

technical change, while relative increase of social infrastructure over total population 

of the economy indirectly affects production through Harrod neutral type 

labor-augmenting technical change. 

 As noted, investment and production segments chooses time paths of 

investment ܨ෠௜௝௧
௉ , gross output ܳ௜௝௧, intermediate input ෠ܱ௜௝௧, and input of effective 

labor ܮ௜௝௧  to maximize the objective function shown as Equation (9) subject to 

Equations (10) through (13). The activity of the sales segment is explained in the next 

section. 

 

2.2.3   Interregional Trade and Commodity Aggregators 

 

In this section, we explain the transformation and aggregation of commodities 

produced in every region sold in both intra- and interregional markets. Commodities 

are assumed to be imperfect substitutes for that of another to handle cross-hauling, 

based on trade flows per dealer/merchant ܧ௜௝௝ᇲ௧  from ݆ᇱ-th source region to ݆-th 

destination. As mentioned previously, the model is capable of flexibly choosing three 

kinds of specifications presented by Armington (1969), Krugman (1980), and Melitz 

(2003) for Sector ݅ ൌ 1 that is assumed to exhibit IRTS, based on the supermodel 

developed by Dixon and Rimmer (2012) and its application by Oyamada (2013). 
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 Assuming the existence of two kinds of fixed cost, one is necessary to 

establish a firm in a region ߰௝
௄, and another is required to make sales on ݆-݆ᇱ link 

߰௝௝ᇲ
ெ , gross output ܳ௜௝௧  of production sector is transformed into trade flows per 

dealer/merchant ܧ௜௝௝ᇲ௧ according to the following rule: 

 

 ∑ ൫1 െ ௝௧௝ᇲܯ௝ᇲ௝௧൯ߦ
ா೔ೕᇲೕ೟
ఇೕᇲೕ೟
ಾ ൌ ܳ௜௝௧ቄ1 െ ∑ ൫1 െ ௝௧߰௝ᇲ௝ܯ௝ᇲ௝௧൯ߦ

ெ
௝ᇲ െ ௝௧߰௝ܯ

௄ቅ, (14) 

 

where ܯ௝௧ is the number of dealers/merchants registered in ݆, 

 ௝௝ᇲ௧ is the proportion of registered but inactive firms, andߦ 

௝௝ᇲ௧ߘ 
ெ  is average productivity of dealers/merchants making sales on ݆-݆ᇱ link. 

 

 Then, two kinds of commodities from every region are aggregated according 

to the following two-stage nested function in a destination region to form intermediate, 

consumption, and capital goods: 

 

 ∑ ܱ௜௜ᇲ௝௧௜ᇲ ൅ ௜௝௧ܥ
௉ ൅ ௜௝௧ܥ

ீ ൅ ௜௝௧ܨ
௉ ൅ ௜௝௧ܨ

ா ൅ ௜௝௧ܨ
ௌ  

 ൌ ௜௝߂
் ൜∑ ௜௝௝ᇲߙ

் ൫1 െ ௝ᇲ௧௝ᇲܯ௝௝ᇲ௧൯ߦ ܧ
௜௝௝ᇲ௧
൫ఙ೔

೅ିଵ൯/ఙ೔
೅

ൠ
ఙ೔
೅/൫ఙ೔

೅ିଵ൯

,  (15) 

 

and 

 

 ෠ܱ௜௝௧ ൌ ௜௝߂
ை ൜∑ ௜ᇲ௜௝ߙ

ை
௜ᇲ ௜ܱᇲ௜௝௧

൫ఙ೔
ೀିଵ൯/ఙ೔

ೀ

ൠ
ఙ೔
ೀ/൫ఙ೔

ೀିଵ൯

,    (16) 

 

where ܱ௜௜ᇲ௝௧ is regional composite of intermediate input, 

௜௝௧ܥ 
௉  is regional composite for private consumption, 

௜௝௧ܥ 
ீ  is regional composite for government consumption, 

௜௝௧ܨ 
௉  is regional composite for private gross fixed capital formation (GFCF), 

௜௝௧ܨ 
ா  is regional composite for GFCF for economic infrastructure, 

௜௝௧ܨ 
ௌ  is regional composite for GFCF for social infrastructure, 

௜ߪ 
் and ߪ௜

ை are elasticity of substitution, 

௜௝௝ᇲߙ 
்  and ߙ௜௝௜ᇲ

ை  are share parameters, and  

௜௝߂ 
்  and ߂௜௝

ை  are unit coefficients. 
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Equation (16) shows the case of sectoral composite for intermediate input ෠ܱ௜௝௧. The 

cases for private consumption ∑ ௝ܰ௦௧௦ ܿ̂௝௦௧
௉ , government consumption ܥመ௝௧

ீ , private 

GFCF ܨ෠௝௧
௉ , GFCF for economic infrastructure ܨ෠௝௧

ா , and GFCF for social 

infrastructure	ܨ෠௝௧
ௌ are all similar to the one expressed as Equation (16). 

 Then, relations between prices become: 

 

 ቀ1 ൅ ߬௜௝௝ᇲ
ெ ቁቀ1 ൅ ߬௜௝௝ᇲ

் ቁ݌௜௝௝ᇲ௧ 

 ൌ ௜௝௝ᇲߙ
் ௜௝௧݌

ெ ൫߂௜௝
் ൯

൫ఙ೔
೅ିଵ൯/ఙ೔

೅

ቆ
∑ ை೔೔ᇲೕ೟೔ᇲ ା஼೔ೕ೟

ು ା஼೔ೕ೟
ಸ ାி೔ೕ೟

ು ାி೔ೕ೟
ಶ ାி೔ೕ೟

ೄ

ா೔ೕೕᇲ೟
ቇ
ଵ/ఙ೔

೅

, (17) 

 

and 

 

 ቀ1 ൅ ߬௜௜ᇲ௝
ை ቁ݌௜௝௧

ெ ൌ ௜௜ᇲ௝ߙ
ை ௜௝௧݌

ை ቀ߂௜ᇲ௝
ை ቁ

ቀఙ
೔ᇲ
ೀିଵቁ/ఙ

೔ᇲ
ೀ

൬
ை෠೔ᇲೕ೟
ை೔೔ᇲೕ೟

൰
ଵ/ఙ

೔ᇲ
ೀ

,   (18) 

 

where ߬௜௝௝ᇲ
ெ  is import tariff rate, and  

 ߬௜௜ᇲ௝
ை  is indirect tax rate on intermediate input. 

 

 The number of registered dealers/merchants ܯ௝௧ is determined at the level 

that satisfies temporal profit becomes zero. That is given by: 

 

 ቄ∑ ൫1 െ ௝ᇲ௝௧൯߰௝ᇲ௝ߦ
ெ

௝ᇲ ൅ ߰௝
௄ቅ݌௜௝௧

ௐ ܳ௜௝௧ ൌ െߝ ∑ ൫1 െ ௜௝ᇲ௝௧௝ᇲ݌௝ᇲ௝௧൯ߦ  ௜௝ᇲ௝௧,  (19)ܧ

 

where ݌௜௝௝ᇲ௧ is markup price, and 

ߝ is price markup rate such that ߝ  ൌ െ1/ߪ௜
். 

 

The markup price ݌௜௝௝ᇲ௧ is determined by the price markup rule: 

 

௜௝௝ᇲ௧݌  ൌ ቀ ଵ

ଵାఌ
ቁ
௣
೔ೕᇲ೟
ೈ

ఇೕೕᇲ೟
ಾ .      (20) 

 

The proportion of registered but inactive firms ߦ௝௝ᇲ௧  and the average 
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productivity of active dealers/merchants operating on ݆-݆ᇱ link ߘ௝௝ᇲ௧
ெ  are given by: 

 

௝௝ᇲ௧ߦ  ൌ 1 െ ൬
఍

఍ିఙ೔
೅ାଵ

൰
఍/ሺఙ೔

೅ିଵሻ

ቀߘ௝௝ᇲ௧
ெ ቁ

ି఍
,    (21) 

 

and 

 

௝௝ᇲ௧ߘ 
ெ ൌ ൬

఍

఍ିఙ೔
೅ାଵ

൰
భ

഑೔
೅షభ ሺିఌሻ

భ ቀభష഑೔
೅ቁൗ

ଵାఌ
ቆ
௣
೔ೕᇲ೟
ೈ

௣೔ೕೕᇲ೟
ቇ
ఙ೔
೅/ሺఙ೔

೅ିଵሻ

ቆ
ట
ೕೕᇲ
ಾ ொ೔ೕᇲ೟

ா೔ೕೕᇲ೟
ቇ
ଵ/ሺఙ೔

೅ିଵሻ

, (22) 

 

where ߞ is a Pareto shape parameter on productivity. 

 Finally, the switch between Melitz-type, Krugman-type, and Armington-type 

formulations is as follows. Set ߝ ൌ െ ଵ

ఙ೅
 to select a Melitz-type. Set ߰௝ᇲ௝

ெ ൌ 0 , 

ߝ ൌ െ ଵ

ఙ೅
௝௝ᇲ௧ߘ ,

ெ ൌ 1, and ߦ௝௝ᇲ௧ ൌ 0 to select a Krugman-type. Set ߰௝
௄ ൌ ߰௝ᇲ௝

ெ ൌ 0, 

ߝ ൌ ௝௝ᇲ௧ߘ ,0
ெ ൌ ௝௝ᇲ௧ߦ ,1 ൌ 0, and ܯ௝ᇲ௧ ൌ 1 to select an Armington-type. 

 

2.2.4   Government and Foreign Aid 

 

In the model, the government in every region is assumed to stay passive. This 

assumption implies that it never makes any dynamic decision to maximize some 

objective. The reason is because if we assume an active government such that chooses, 

for instance, levels of taxes or volumes of public investment to maximize regional 

welfare, the model becomes AK type such as Barro (1990), which always remains in a 

steady state and does not show any transition. In other words, if a shock is given, the 

economy just jumps from a steady state to a new steady state. If it is the case, 

interesting features of a dynamic model may totally be lost. In this reason, we decided 

not to assume active government. Therefore, every public budget item is determined as 

a fixed proportion of the total budget. 

 In the economy, there are 15 kinds of taxes/subsidies. The revenues from 

those taxes minus subsidies form the base of fiscal budget. The total tax revenue ߁௝௧ 

can be expressed as: 
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        (23) 

 

where ߬௜௝
஼  is indirect tax rate on private consumption, 

 ߬௜௝
ீ  is indirect tax rate on government consumption, 

 ߬௜௝
௉  is indirect tax rate on private GFCF, 

 ߬௜௝
ா  is indirect tax rate on GFCF for economic infrastructure, and 

 ߬௜௝
ௌ  is indirect tax rate on GFCF for social infrastructure. 

 

 The foreign aid receipt for general budget support can be set as: 
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 ∑ ቀ1 െ ௝௝ᇲ௧ߌ
ா െ ௝௝ᇲ௧ߌ

ௌ ቁܦ௝௝ᇲ௧௝ᇲ ,      (24) 

 

where ܦ௝௝ᇲ௧ is foreign aid flow from ݆ᇱ-th donor to ݆-th recipient, 

௝௝ᇲ௧ߌ 
ா  is the proportion tied to GFCF for economic infrastructure, and  

௝௝ᇲ௧ߌ 
ௌ  is the proportion tied to GFCF for social infrastructure. 

 

 Interest and repayment of foreign aid loans paid to ݆ᇱ-th donor is: 

 

 ∑ ቐ
ቀߌ௝௝ᇲ௧ିଵ

ଵ ൅ ௝௝ᇲ௧ିଵݎ
஺ ቁቀ1 െ ௝௝ᇲߌ
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ଵ ቁቀ1 െ ௝௝ᇲߌ
஽ ቁܦ௝௝ᇲ௧ିଶ

ቑ௝ᇲ ,   (25) 

 

where ݎ௝௝ᇲ௧
஺  is the lending rate of foreign aid loans determined by a contract, 

௝௝ᇲߌ 
஽  is grant element of foreign aid funds, and 

௝௝ᇲ௧ߌ 
ଵ  is the share of foreign aid loans required to be repaid in the first period. 

 

 Then, overall fiscal budget ߆௝௧ can be expressed as: 
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, (26) 

 

where ߌ௝
ீ is the government saving rate (fixed at this stage). 

 

Note that ߌ௝
ீ tend to be negative in the model to generate fiscal deficit. Fiscal deficit 

is financed by issues of government securities. We presume the government securities 

take a form of one period bond, which is redeemed at the unity price. 

 Let us move to the expenditure side. There are five expenditure items 

determined as fixed proportions of the fiscal budget ߆௝௧ . They are foreign aid 
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disbursement ߌ௝
஺߆௝௧, compensation for PAYG fund ߌ௝

௉߆௝௧, government consumption 

௝ߌ
஼߆௝௧, and public investment to two kinds of infrastructure. The budgets for two kinds 

of public investment are noted as: 

 

௝ߌ 
ி൫1 െ ௝ߌ

஺ െ ௝ߌ
௉ െ ௝ߌ

஼൯߆௝௧ ൅ ∑ ௝௝ᇲ௧ߌ
ா

௝ᇲ ቀ1 െ ௝௝ᇲߌ
஽ ቁܦ௝௝ᇲ௧,   (27) 

 

and 

 

 ൫1 െ ௝ߌ
ி൯൫1 െ ௝ߌ

஺ െ ௝ߌ
௉ െ ௝ߌ

஼൯߆௝௧ ൅ ∑ ௝௝ᇲ௧ߌ
ௌ

௝ᇲ ቀ1 െ ௝௝ᇲߌ
஽ ቁܦ௝௝ᇲ௧,  (28) 

 

where ߌ௝
ி is the proportion of economic infrastructure in public investment. 

 

The second terms in Equations (27) and (28) correspond to foreign aid disbursements 

respectively tied to economic and social infrastructure. 

 The sovereign debt position ܩ௝௧ is expressed as: 

 

௝௧ܩ  ൌ ̅ܩ௝଴ (̅ܩ௝଴: given)    (ݐ ൌ 0) 

 ൅ܩ௝௧ିଵ െ ൬
௻ೕ
ಸ

ଵି௻ೕ
ಸ൰߆௝௧ିଵ    (ݐ ് 0), (29) 

and 

 

௝்ܩො௝ߛ	 ൌ െ൬
௻ೕ
ಸ

ଵି௻ೕ
ಸ൰߆௝்     (ݐ ൌ ܶ). (30) 

 

We presume ߌ௝
ீ ൑ 0 in a steady state. 

 Finally, the accumulations of two kinds of public capital are similar to the 

case of corporate capital. 

 

2.2.5   Financial Portfolio 

 

As noted before, the model presumes imperfectly substituting financial instruments to 

capture frictions in interregional capital movements from capital redundant aged region 

to labor redundant young region. In this section, we explain how the intra- and 
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interregional capital movements are modeled. 

 Similar to the production part, we assume multi-stage portfolio using 

constant elasticity of transformation (CET) functions, following Rosensweig and 

Taylor (1990). While Rosensweig and Taylor (1990) utilizes constant elasticity of 

substitution (CES) functions to aggregate expected rate of return, most of the FOCs 

become identical with the ones that will be shown here. 

 Every investment trust bank operating in each region collects regular assets, 

FF pension reserves, and funds deposited to bequest account from individuals and 

invest the fund by proxy to every local asset markets beyond regional boundary. Note 

that the investment trust banks do not charge commissions since the model does not 

have a banking sector at this stage. In every asset market, financial instruments such as 

corporate capital and government securities have their own rates of return that are 

evaluated with risk premiums. 

 At the first stage, an investment trust decides portfolio among regions to 

maximize the return from instrumental composite of assets ܣ௝௝ᇲ௧
ெ . It is expressed as 

follows: 

 

 max ∑
௥
ೕೕᇲ೟
ಾ

ଵାగೕ೟
ಸ௝ ௝௝ᇲ௧ܣ

ெ  

 s.t. ߘ௝ᇲ
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஺
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൫ఙಲିଵ൯/ఙಲ

ቋ
ఙಲ/൫ఙಲିଵ൯

ൌ ௝ᇲ௧ܣ
் ,   (31) 

 

where ܣ௝ᇲ௧
்  is the total assets collected from individuals, 

௝௧ߨ 
ீ  is regional risk, 

 ,஺ is elasticity of transformationߪ 

௝௝ᇲߙ 
஺  is share parameter, and 

௝ᇲߘ 
஺ is unit coefficient. 

 

The regional risk ߨ௝௧
ீ  is defined by: 

 

௝௧ߨ 
ீ ൌ ௝߂

ோ ൜exp ൬
ீೕ೟

∑ ௣೔ೕ೟
ೊ ௒೔ೕ೟೔

൰ െ 1ൠ ൅ ௝ߨ
஻,     (32) 

 

where ߨ௝
஻ is basic risk, and 

௝߂ 
ோ is unit coefficient. 
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The exogenously given basic risk ߨ௝
஻ includes several elements of regional risk, such 

as political risk, conditional status of local capital market, and so on. The first term in 

the right-hand-side of Equation (32) scoops up the sovereign risk, which is 

endogenously determined by the level of sovereign debt position over GDP. 

 The second choice of an investment trust is portfolio between financial 

instruments, i.e., government securities ܣ௝௝ᇲ௧
ீ  and sectoral composite of corporate 

capital ܣ௝௝ᇲ௧
஻  to maximize the return from both kinds of asset. The problem is: 

 

 max ݎ௝௧
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        (33) 

 

where ݎ௝௧
ீ  is the rate of return on government securities, 

௝௝ᇲ௧ݎ 
஻  is the rate of return on sectoral composite of corporate capital, and 

௝ߨ 
௄ is instrumental risk of the corporate capital. 

 

 An investment trust bank’s final choice is sectoral portfolio among corporate 

capital to maximize the total return from every corporate capital ܣ௜௝௝ᇲ௧
௄ . The problem 

is: 

 

 max ∑
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಼
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௄  
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஻ ,  (34) 

 

where ݎ௜௝௧
௄  is the rate of return on corporate capital, and 

௜௝ߨ 
ௌ  is sectoral risk. 

 

For the example of the sectoral risk ߨ௜௝
ௌ , unsettled weather for agricultural sector, 

changes in the market environment, and so on, can be listed. 

 

2.2.6   Market Equilibrium 
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Let us see the equilibrium conditions to close the model. 

 First, the following condition must hold for the commodity market: 

 

 ∑ ܱ௜௜ᇲ௝௧௜ᇲ ൅ ௜௝௧ܥ
௉ ൅ ௜௝௧ܥ

ீ ൅ ௜௝௧ܨ
௉ ൅ ௜௝௧ܨ

ா ൅ ௜௝௧ܨ
ௌ   

 ൌ ௜௝߂
் ൜∑ ௜௝௝ᇲߙ
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൫ఙ೔
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೅

ൠ
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.  (35) 

 

 Second, the market clearing condition for the effective labor is: 

 

௜௝௧ܮ  ൌ ∑ ൫ ௝ܰ௦௧ ௝݄௦௧ൣ1 െ ൛߯௝൫1 െ ௝߭൯ݖ௝௧ ൅ ௝݂௦௧
ு ൟ െ ߯௝ ௝߭ݖ௝௧ିଵ൧൯ଶ

௦ୀଵ .  (36) 

 

 Third, we set the equilibrium condition for the corporate capital as: 

 

 ൬
ଵ

ଵା௥೔ೕ೟
಼ ൰ ௜௝௧݌

௄ ௜௝௧ܭ
௉ ൌ ∑ ௜௝௝ᇲ௧ܣ

௄
௝ᇲ .     (37) 

 

 Fourth, the market clearing condition for the government securities can be 

expressed as: 

 

 ൬
ଵ

ଵା௥ೕ೟
ಸ൰ ௝௧ܩ ൌ ∑ ௝௝ᇲ௧ܣ

ீ
௝ᇲ ,      (38) 

 

where the price (nominal par) of government securities is set to unity. The government 

securities are assumed to take the form of one period bond, and their market price is 

defined by its temporal rate of return ݎ௝௧
ீ . 

 By the Walrus law, one of the above equilibrium conditions automatically 

holds. Therefore we drop a condition giving a price or a rate of return exogenously, 

while we have not yet decided which is the one, at this stage. 

 Finally, we need equilibrium conditions with respect to time ݐ. At the 

terminal period ݐ ൌ ܶ, economies must be in a steady state. In a steady state, all 

quantity variables grow at the same overall growth rate ߛො௝ , which is determined 

endogenously, while all price variables stay at constant levels. Those conditions are 

given as Equations (3) and (11), and the relations corresponding to ݐ ൌ ܶ in FOCs for 

dynamic problems. 
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2.3   Data and Parameterization 

 

Since a benchmark data set should be consistent with the system of a model, 

incorporating a complicated structure increases requirements on data to strictly satisfy 

constraints and conditions included in a model. 

 

2.3.1   Benchmark Data Set 

 

Since it was quite ambiguous at the beginning of this research project that what kind of 

data set is required to build the model, model building work has started without paying 

too much attention to the availability of data. At this stage, we decided to continue 

using an artificial data set for a while to reveal fundamental characters of the model 

first by conducting numerous simulations. After completing that, we are planning to 

carry out more realistic simulations utilizing an empirical data set. 

In the present situation that the basic model just started working, the necessary 

data can be categorized into several groups: (a) data set for a certain year on national 

accounts and trade flows; (b) tax/subsidy payments/revenues at the same year as the 

one in (a) by tax items; (c) pension related data such as contribution rates; (d) 

interregional portfolio flows and rates of return; (e) foreign aid flows and the 

composition by item; (f) data set related to demographic change such as population for 

a certain period, proportion of higher age marriage, time spent for child care, and time 

spent for schooling; (g) regional economic growth rates; (h) behavioral parameters 

such as elasticity of substitution and transformation, intercept and slope parameters in 

adjustment cost functions, shape parameters on schooling and on economic 

infrastructure over GDP; and data on proportion of inactive firms and Pareto shape 

parameter on productivity to incorporate Melitz-type heterogeneous firms. 

 Every kinds of data categorized in Group (a) is available in the GTAP 

database (Hertel 1997). Some of the ones in Group (b) might be found in the 

“Government Finance Statistics” prepared by IMF. Some of the ones in Group (c) 

might be found in the “Pension at a Glance” prepared by OECD. Considering the fact 

that even the FDI related data is quite limited in the present situation, Group (d) might 

be difficult to find since we need the data that contain information on ownership of 

assets at stock level. However, there might be several research projects that tried to 

derive the data utilizing the “International Financial Statistics” by IMF and other data 
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sources. Foreign aid related data categorized in Group (e) might be obtained from the 

“International Development Statistics” prepared by OECD. The ones categorized in 

Group (f) might be found in several resources presented by UN. Group (g) and others 

may be found in several resources presented by the World Bank. Some of the ones in 

Group (h) can be found in the aforementioned GTAP database. Rest of Group (h) and 

some of Group (g) should be found in literatures conducting empirical research. 

Balistreli et al. (2011) tries to estimate parameters related to the Melitz-type 

formulation such as categorized in Group (g). 

 As mentioned, we are working with an artificial data set that includes three 

regions and two sectors. Regions are totally symmetric and identical at this stage. 

Utilizing a benchmark data set shown above, other information and parameters are all 

derived and calibrated based on the constraints and conditions included in the model 

under the assumption that the global economy is in a steady state. 

 Let us note about the choice of the length of a period. As variables of 

different time-periods are interdependent, the computation burden is much larger than 

that for models that calculate solutions period by period (recursively dynamic or 

backward-looking models). Moreover, extensions of the calculation horizon increase 

calculation difficulty more than proportionally, and expansions of a model with respect 

to the number of age groups, regions, and sectors are more difficult. Assuming short 

interval in one period implies an increase of age groups existing in the same period. To 

avoid increases in dimensionality, we decided to divide an individual’s life into five 

phases that show essentially different characters. For instance, the first working age 

20-39 is distinguished from the second working age 40-59, as the period that 

individuals make children. The division in sectors also shows crucial difference 

between the one with increasing returns and another one that provides interregional 

shipping services. Since we are interested in the impact of rapidly aging developing 

economies on the global economy, we need three regions: already aged; rapidly aging; 

and pre-aging regions. 

 

2.3.2   Calibration of the Model 

 

The parameterization process starts with converting information given in annual terms 

to be the one in periodical terms, assuming that the global economy initially is in a 

steady state. Then, based on the population data by age groups, survival rates ߗ௝௦଴ and 

the number of children ݖ௝଴ are derived under the assumption that population growth 
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rate is constant. Subjective discount rate for an individual also is set as: 

 

௝ߩ  ൌ ൫1 െ ௝߬
஺൯ݎ௝଴.       (39) 

 

This is the first step of the procedures. The parameterization process can be divided 

into 10 steps. 

 The second step is the derivations of ௝݂ଵ଴
ு ௝߂ ,

ு , and ௝݄௦଴ , utilizing the 

information on ௝݂଴଴
ு . Using one of the first order conditions (FOCs) for a household’s 

optimization, we can derive ௝݂ଵ଴
ு  with the assumption of steady state that quantity 

variables grow at the same constant rate, and price variables stay at constant levels. 

Then, we get ௝݄௦଴ using Equation (5). Finally, equating the labor income shown in 

Equation (2) evaluated by ߗ௝௦଴, ௝݂௦଴
ு , ௝݄௦଴, and ݖ௝଴, with information obtained from 

the benchmark data, we get ߂௝
ு. 

 Next, evaluating Equations (7) and (8) with the pre-determined parameters 

and initial values of variables, we can derive തܽ௝௦଴
ி , തܽ௝௦଴

௉ , and ߉௝଴. This is the third step. 

 The fourth step is related to the alternative specifications presented by 

Armington, Krugman, and Melitz. As discussed in detail by Oyamada (2013), ߰௝
௄, 

߰௝௝ᇲ
ெ ௝଴ܯ , , and ܧ௜௝௝ᇲ଴  are calibrated simultaneously by solving the system of 

Equations (17), (19), (20), (22), in addition to 

 

௜௝௝ᇲ଴ܨܶ  ൌ ൫1 െ  ௜௝௝ᇲ଴,     (40)ܧ௜௝௝ᇲ଴݌௝ᇲ଴ܯ௝௝ᇲ଴൯ߦ

 

after ߘ௝௝ᇲ଴
ெ  and ݌௜௝௝ᇲ଴ are derived using Equations (21) and (20), respectively. Then, 

௜௝଴݌
ெ  and ߙ௜௝௝ᇲ

்  can be obtained by: 

 

௜௝଴݌ 
ெ ൌ

∑ ቀଵାఛ
೔ೕೕᇲ
ಾ ቁቀଵାఛ

೔ೕೕᇲ
೅ ቁቀଵିకೕೕᇲబቁெೕᇲబ௣೔ೕೕᇲబா೔ೕೕᇲబೕᇲ

∑ ቀଵିకೕೕᇲబቁெೕᇲబா೔ೕೕᇲబೕᇲ
,     (41) 

 

and Equation (17). Note that the value of ݌௜௝଴
ெ  differs among three specifications since 

௝௝ᇲ଴ߦ ൌ 0 in the Krugman and Armington types, and ܯ௝ᇲ଴ ൌ 1 in the Armington type. 

 In the fifth step, quantities of regional composites of intermediate input 

ܱ௜௜ᇲ௝଴, private consumption ܥ௜௝଴
௉ , government consumption ܥ௜௝଴

ீ , private GFCF ܨ௜௝଴
௉ , 

GFCF for economic infrastructure ܨ௜௝଴
ா , and GFCF for social infrastructure ܨ௜௝଴

ௌ  are 

obtained based on the ݌௜௝଴
ெ  obtained in the previous step, which is different among 

three specifications. It implies that prices of sectoral composite ݌௜௝଴
ை ௝଴݌ ,

஼ ௝଴݌ ,
ீ ௝଴݌ ,

௉ , 
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௝଴݌
ா , and ݌௝଴

ௌ  also have different values. 

 The sixth step calibrates ௝ܾ଴, തܽ௝௦଴, ߚ௝
ு, ߚ௝

௓, and ߚ௝
஻. Using Equations (2) 

and (4) along with the information on ܿ̂௝ଵ଴
௉ , which is obtained in the previous step, we 

obtain ௝ܾ଴ and തܽ௝௦଴. Then, ߚ௝
ு ௝ߚ ,

௓ , and ߚ௝
஻  can be calibrated using FOCs for a 

household’s optimization with the assumption of steady state. 

 Once തܽ௝௦଴  is calibrated, we may derive ܣ௜௝௝ᇲ଴
௄  utilizing information on 

interregional portfolio flows and government savings, and 

 

௝ᇲ଴ܣ 
் ൌ ∑ ൬ ௝ܰᇲ௦଴ ൤ ௝ܽᇲ௦଴ ൅ ௝ܽᇲ௦଴

ி ൅ ቀ ଵ

ଵାఊ
ቁ ௝ܾᇲ଴ ൅ ൛1 ൅ ൫1 െ ௝߬

஺൯ݎ௝ᇲ଴ൟ ቀ
ଵ

ଵାఊ
ቁ
ଶ

௝ܾᇲ଴൨൰
ௌ
௦ୀଵ . 

        (42) 

 

Then, either ߬௜௝
௏  or ߬௜௝

ி  should be calibrated using FOCs for an enterprise’s 

optimization and (37). This is the seventh step. 

 In the eighth step, almost all the parameters and initial values related to 

financial portfolio can be calibrated utilizing the information on ܣ௜௝௝ᇲ଴
௄  and ܣ௝௝ᇲ଴

ீ , and 

Equations (31) through (34) with FOCs for investment trust bank’s optimization 

problems. In addition, parameters related to public expenditure such as ߌ௝
஺, ߌ௝

஼, ߌ௝
ி, 

௝ߌ
௉, and ߌ௝

ீ, can also be obtained. 

 The ninth step calibrates ܭഥ௜௝଴
௉ ௜௝଴݌ ,

௄ , and ߜ௜௝
௉  using Equation (11) and FOCs 

for an enterprise’s optimization along with the information on ߬௜௝
௏  or ߬௜௝

ி , and ܨ෠௜௝଴
௉ . 

 In the final step, all of the share parameters and unit coefficients for 

production functions and composite commodity aggregators are calibrated following 

the usual procedures in AGE modeling, based on the values of prices that differs 

among three trade related specifications. 

 

 

3   Simulations 
 

Once the OLG/AGE model has successfully calibrated to the steady state, the next step 

is to design and prepare for a simulation. The simulation we implement with the model 

sets the stage for analyzing fundamental mechanism interplayed within the model. As 

the first simulation analysis, we opt to investigate how the OLG/AGE model behaves 

with response to exogenously given changes in life expectancy. 

 



30 
 

3.1   Simulation Scenario 

 

Figure 3 shows the schematic design of the simulation. Two horizontal lines indicate 

life expectancies along the passage of time, 49 year old at the bottom and 89 year old 

at the top. The two numbers are arbitrarily selected for the matter of a simplified 

experiment. The model is calibrated to a steady state with life expectancy of 49, so as 

for all the three regions in the model starts at the left end of the bottom line. 

 Suppose a medical innovation unexpectedly takes place in the region H at 

time 0. The region H’s life expectancy begins to rise toward the higher age of 89, as 

shown at the top line. It will take 400 periods for the region H to reach the higher life 

expectancy, but note again the number is arbitrarily set. Delayed by 100 periods, the 

region M and then the region L start improving their life expectancy. There exits an 

advantage for the late starters to have “catching-up” effect, a faster improvement in life 

expectancy. 

 

Figure 3. Schematic Design of the Simulation 

 
 

 By design of this basic simulation, all the regions attain the higher life 

0 100 200
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expectancy at the time period of 400. Their arrival at the top line does not necessarily 

mean that the three regions are in a steady state; it may require more time periods. This 

transition from a steady state with life expectancy of 49 to another steady state with the 

higher life expectancy is the first basic simulation. In the transition, we can set a target 

for the life expectancies for the regions, say, “a” for the life expectancy in the region H, 

“b” for the region M, and “c” for the region L. 

 Our research interest in the basic simulation lies in the transition rather than 

the steady states. Thus, at the time period t, we care for each region’s economic 

conditions characterized by resulting variables computed in this basic simulation. For 

example, since the model has a capability to determine the interregional transactions of 

trade and investment, we are interested in the pattern of them; which flows coming 

from where. 

 By focusing on the transition, our aim is to identify potential economic 

problems arising from the basic simulation. Possible cases can be a question whether a 

shortage of capital stock to working-population constrains a region’s potential to grow, 

or an issue relating to insufficient investment coming from oversea, or an excess 

savings in the aged region, or a shortfall in fiscal budget to sustain a pension system. 

 Once we identified the problems emerging in the basic simulation, we need 

to seek a set of policy instruments to mitigate their negative impacts under policy 

scenarios. For instance, we can test the effectiveness of foreign aid by contrasting the 

condition attached to it; if tied foreign aid to public investment might be more 

beneficial than untied aid, or if granting aid might be advantageous over lending. As 

other policy scenario, to responding to the identified problem in aging economy, 

pension reform or introduction can be investigated. Also, we can implement 

experiments alternating or combining PAYG and fully funded pension system. 

Liberalization of interregional transaction can be another set of policy scenarios. 

 

3.2   Simulation Results 

 

Since we have been facing difficulties in solving the model, unfortunately, we still are 

struggling to get a solution to the simulation. 

 

 

4   Concluding Remarks 
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The purpose of this paper has been to analyze the fundamental mechanism of 

repercussions arising from shifts of demographic structure through interregional 

transactions, and identify potential economic problems to further seek a set of policy 

instruments to mitigate negative impacts and fully capture benefit from the 

demographic dividend in developing economies, utilizing an OLD/AGE model. 

 Simulations with the model have revealed that the anticipated response of the 

global economy to ... The key findings can be summarized as follows: 

 

 

 

 There are several potentially important issues that we have not been taken 

into account in our analytical framework. One example is the problem of migration and 

remittances. As capital that flows beyond regional boundary, people moves from one 

region to another pursuing jobs and higher salaries. The gaps between capital and labor 

in both young and aged regions can be filled not only by interregional capital 

movements nor foreign aids, but also by migrations. The reason why we have not yet 

succeeded to include migration and remittance into the model is because it will make 

the structure of an individual’s budget constraint too complicated to handle. Since we 

are handling the effective labor that enhances productivity based on one’s choice of 

schooling, moving an individual beyond regional boundary tracing his/her home, 

career of schooling, and so on, increases dimensions of a model to reach a 

non-manageable level. One more reason is that even a small demographic shock may 

bring crucial impact to economies in a model. Therefore, an inclusion of migration 

makes a model quite difficult to solve. It must be a real challenge. 

 Another example is negative bequest, i.e., children who help their parents. 

The reasons why parents have many children in developing economies are regarded 

that poorness of pension system and parents’ expectations for the support provided by 

their children. The model might be modified and extended by including utility from 

supporting a parent. 

 Finally, we need to reveal the fundamental workings in the model by 

conducting numerous simulations with this artificial environment. This study still is at 

the first stage of our research project. 
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